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We generalize the Kitaev’s spin-1/2 model on the honeycomb by introducing a two-dimensional
Z3 clock model on the triangular lattice with three body interaction. We discuss various properties
of this model and show that the low energy theory of the Z3 generalized Kitaev model (GKM) is
described by a single Z3 parafermion per lattice site coupled to a Z3 gauge field. We also introduce
a slave-fermion approach for this GKM, treat the resulting fermionic Hamiltonian at the mean-
field level, solve the mean field parameters self-consistently, and obtain the low energy effective
Chern-Simons (CS) gauge theory. The resulting CS gauge theory is identical to that of a (221)
fractional quantum Hall state. We then go beyond the mean-field approximation and demonstrate
that fluctuations generate a uniform interlayer pairing for the dual (221) bilayer state. We argue
that this perturbed system can undergo a phase transition to the Fibonacci phase by tuning the
interlayer pairing strength.
INTRODUCTION
Kitaev’s honeycomb model [1–3] is one of the few ex-
amples of the exactly solvable models in theoretical con-
densed matter physics. This model exhibits a stable Z2
spin liquid phase with non-Abelian excitation in its B-
phase. Kitaev showed that after perturbing his model in
the B-phase with time reversal breaking perturbations,
Z2 vortices will bind single Majorana zero modes. Ki-
taev also established a mapping between his model and
a px + ipy superconductor of spinless neutral fermions
coupled to a Z2 gauge field. In this duality transforma-
tion, the Majorna zero modes are bound to the vortices
of the dual px + ipy superconductor in its weak pairing
phase[4]. After recent interests in finding fractional topo-
logical superconductors[5–8] and related systems [9–14]
with different types of non-Abelian excitations, a natu-
ral question that arises is whether we can generalize the
Kitaev’s model such that (1) its low energy is described
by a stable spin liquid coupled to a discrete gauge sym-
metry and (2) is dual to a fractional topological super-
conductor with non-Abelian anyons capable of making
universal quantum computation through braiding oper-
ations. In this paper we give an affirmative answer to
these questions and introduce a Z3 generalization of the
Kitaev model with a stable Z3 fractionalized spin liquid
ground-state. More importantly we will argue that for a
wide range of parameters this spin liquid phase belongs
to the Fibonacci phase [6, 7, 9, 15, 16].
Recently, Barkeshli et al. [17] have introduced the
most direct generalization of the Kitaev’s model by
replacing spin 1/2 operators with Zn clock operators
[18, 19]. The resulting Hamitlonian has many interesting
properties similar to the Kitaev’s original model. Here
we introduce a different generalization of the Kitaev’s
model that is more tractable than that of Ref. [17] and
from which we gain a fair understanding of the two di-
mensional (2D) parafermion systems as well. We show
that the low energy theory of this model is identical to
that of a (221) bilayer quantum Hall state with interlayer
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FIG. 1. The Z3 generalized Kitaev model is defined on the
triangular lattice with three types of three-body interactions.
Each color represents one type of interaction.
pairing added to it which is believed to undergo a phase
transition to the Fibonacci phase [6, 7, 9, 15, 16]. We
finally present another related model with similar prop-
erties.
MODEL
In order to understand the building blocks of our 2D
Z3 clock model, let us first consider the following gener-
alization of the spin-1/2 algebra (Pauli algebra):
σz,iσx,i = ωσx,iσz,i, σx,iσy,i = ωσy,iσx,i,
σy,iσz,i = ωσz,iσy,i, ω = exp (2pii/3) . (1)
along with σ3a,i = 1, σ
†
a,i = σ
2
a,i, and σx,iσy,iσz,i = 1
constraints where a = x, y, z. In this paper we consider
three dimensional irreducible representation of the above
algebra (see Appendix A for more detail).
Next, consider the triangular lattice with three sites in
the unit cell shown in Fig. 1. We color the triangular
lattice with three different colors: red, green, and blue.
In the first model that we consider each color represents
a certain three-body interaction among three generalized
spins at the corners. Thus, we define the Hamiltonian as:
H1 = −Jx
∑
R ∆’s
T 1x − Jz
∑
G ∆’s
T 1z − Jy
∑
B ∆’s
T 1y + h.c.
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2T 1a ≡ σa,iσa,jσa,k, (2)
where R,G,B stand for red, green, blue.
SLAVE-PARAFERMION APPROACH
Here, we develop a slave-parafermion method to study
our model Hamiltonian. Before going into details let us
first define the parafermion algebra. γi is called a Zn
parafermion operator when γni = 1, γ
†
i = γ
n−1
i , and
γiγj = e
2pii/nγjγi when i < j for a specified order-
ing [18, 19]. Every two Zn parafermion operators de-
fine an n−dimensional Hilbert space, therefore every sin-
gle parafermion defines a
√
n−dimensional Hilbert space.
Now we consider four flavors of Z3 parafermions with
γx,iγy,i = ω¯γy,iγx,i, γy,iγz,i = ω¯γz,iγy,i
γz,iγx,i = ω¯γx,iγz,i, ηiγa,i = ω¯γa,iηi. (3)
local commutation relations [18, 19]. Using the above
relations we can represent the generalized spin operators
,σa,i’s, in terms of parafermions:
σx,i = γ
†
x,iηi, σy,i = η
†
i γy,i, σz,i = γ
†
z,iηi. (4)
It is easy to verify that the above slave-parafermion rep-
resentations indeed satisfy the algebra in Eq. (1). Ob-
serve that the above relations enjoy a Z3 gauge symme-
try, namely: (γi,a, η) → ω (γi,a, ηi) local transformation
leaves σa invariant. Now note that the Hilbert space as-
sociated with the clock operators at site i is three dimen-
sional. On the other hand, the dimension of the Hilbert
space associated with four parafermions on site i is nine
dimensional. As a result there is a three-fold redun-
dancy, hence we must project out the redundant unphys-
ical states. To this end, we can use the σx,iσy,iσz,i = 1
relation that leads to the following local constraint on
the Hilbert space:(
γ†x,iγy,i
)(
γ†z,iηi
)
= 1, (5)
which reduces the total Hilbert space (per lattice sites)
by a factor of three. In terms of the parafermions, the
interaction terms become:
Jbσb,iσb,jσb,k + h.c. = Jb (γb,iγb,jγb,k) η
†
i η
†
jη
†
k + h.c.(6)
It is straightforward to verify that P bijk ≡ γb,iγb,jγb,k =(
γb,iγ
†
b,j
)(
γ†b,jγb,k
)
operators commute with the Hamil-
tonian as well as among themselves for all b = x, y, z
and i, j, k’s that form a colored triangle. Consequently,
P bijk’s are constants of motion and can be replaced by
their expectation values. P bi,j,k takes Z3 values because
it cubes to one. Assuming the lowest energy corresponds
to uniform value of P bijk’s, we obtain the following low en-
ergy effective description of the generalized Kitaev model
(GKM) on the triangular lattice:
−
∑
R ∆’s
Jxηiηjηk −
∑
G ∆’s
Jzηiηjηk −
∑
B ∆’s
Jyηiηjηk + h.c.
(7)
The above Hamiltonian suggests that the effective de-
gree of freedom at low energies is described by a single
parafermion per site, i.e. there are 3Ns/2 total degrees of
freedom. We can also reach this conclusion by finding the
number of conserved Z3 quantities, namely Wilson loop
operators. In Appendix B we show that there exist Ns/2
commuting distinct Wilson loop operators signaling that
half of the degrees of freedom of our 2D clock model are
frozen at low energies.
In order to understand the fate of the above coupled
parafermion system we first consider SU(2)4 topologi-
cal field theory (TFT) that contains five primary fields:
Φl0 with j = l/2 spin, where l = 0, .., 4 [15]. Next, we
condense the spin-2 field (Φ40) of the TFT [20]. Doing
so, the spin-1/2 (Φ10) and spin-3/2 (Φ
3
0 = Φ
1
0 × Φ40) non-
Abelian operators become identified and confined. So
Φ10 ∼ Φ30 ≡ τ , where τ will be referred to as the twist op-
erator. Furthermore, Φ20 branches into X, and Y Abelian
operators with X ×X = Y and X × Y = I fusion rules.
Twist operator satisfies τ×τ = I+X+Y fusion rule and
have d =
√
3 quantum dimension accordingly. Therefore,
condensing Φ40 field of the SU(2)4 results in I, X, and Y
deconfined Abelian and τ confined non-Abelian excita-
tions [20]. It can be shown that to each twist operator,
τ , a single Z3 parafermion zero mode is attached [5, 14].
Thus, we can view the 2D array of parafermion in Eq.
(7) as a triangular array of twist fields.
Now let us consider −ηiηjηk = −
(
ηiη
†
j
)
η†jηk term in
the low energy Hamiltonian, Eq. (7). A simple analysis
shows that these terms favor spin-0 (i.e. I operator) fu-
sion channel in the fusion of every two neighboring twist
fields. Hence, the parafermion coupling term, Eq. (7),
can be viewed as a projector onto the spin-0 fusion chan-
nel of the Φ10 × Φ10 fusion in the SU(2)4 theory (or for
τ × τ after Φ40 condensation). In Refs. [21, 22], the
effect of these projectors has been studied and authors
have shown that the many body collective state is de-
scribed by a topological phase with SU(2)3×SU(2)1SU(2)4 edge
state with parent SU(2)4 state and SU(2)3×SU(2)1 with
vacuum. Moreover, authors of Ref. [7] have shown that
if we condense Φ40 in the parent SU(2)4 state, the result-
ing many body state of coupled parafermions will be the
Fibonacci phase whose only nontrivial and deconfined ex-
citation is the Fibonacci anyon, . Thus, we conjecture
that the ground-state of the above coupled parafermion
system is described by the Fibonacci theory [16]. Fi-
bonacci anyons are excitations with  ×  = 1 +  fusion
rule, dF =
(
1 +
√
5
)
/2 ' 1.617 quantum dimension, and
s = 2/5 topological spin. The TFT of the Fibonacci
phase is described by an SU(2)3×SU(2)1 Chern-Simons
3gauge theory and it chiral edge by a Z3 ×U(1)6 ×U(1)2
conformal field theory (CFT) with c = 14/5 central
charge, where Z3 stands for the Zamolodchikov-Fateev
Z3 parafermion CFT [23].
SLAVE FERMION APPROACH
Here we utilize a different approach, slave-fermion
method, to study our GKM. This framework is shown to
be quite useful for Kitaev’s original model [24]. Since the
Hilbert space associated with Z3 clock operators at site
i is three dimensional, we can represent them in terms of
three flavors of fermions, namely
σi,z = ω
2f†3,if3,i + ωf
†
2,if2,i + f
†
1,if1,i,
σi,x = f
†
1,if3,i + f
†
3,if2,i + f
†
2,if1,i,
σi,y = f
†
3,if1,i + ωf
†
2,if3,i + ω
2f†1,if2,i. (8)
along with
f†3,if3,i + f
†
2,if2,i + f
†
1,if1,i = 1, (9)
constraint that projects states into the physical Hilbert
space. Note that the Eqs. (8) and (9) are invariant under
the following U(1) gauge transformation: fn,i → eiαifn,i.
Furthermore, the model Hamiltonian in Eq. (2) is sym-
metric under the (f1, f2, f3)→ (f2, f3, f1) Z3 exchange.
MEAN FIELD TREATMENT OF THE SLAVE
FERMIONS
Using the slave fermion representation of the clock op-
erators we can easily rewrite the 2D clock Hamiltonian
in terms of fn,i fermions. To this end, first note that
σa,iσa,jσa,k = σ
†
a,iσa,jσ
†
a,iσa,k. Moreover:
σ†z,iσz,j = −
∑
n,m
ωm−nχˆn,mi,j χˆ
m,n
j,i ,
σ†x,iσx,j = −
∑
n,m
χˆn,mi,j χˆ
m+1%3,n+1%3
j,i ,
σ†y,iσy,j = −
∑
n,m
ωn−mχˆn,mi,j χˆ
m−1%3,n−1%3
j,i . (10)
where χˆn,mi,j ≡ f†n,ifm,j and % means indices are defined
mod 3. Now, we would like to use the mean-field approx-
imation and replace χˆn,mi,j operator with its expectation
value until we reach a quadratic Hamiltonian of slave
fermions. For simplicity we assume that the mean-field
parameters do not break lattice symmetries. We also
make no-fermion-pairing and no-flavor-mixing assump-
tions so
〈
χˆn,mi,j
〉
= δn,mχi−j . Thus, every flavor is con-
served and we can promote the U(1) × Z3 symmetry of
the slave-fermion representation to U(1) × U(1) × U(1)
symmetry each associated with one flavor conservation.
Now, we solve the mean field equations self-
consistently to obtain the mean field parameters. From
 z x
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FIG. 2. Schematic representation of the no-pairing no-flavor
mixing mean-field ansatz. We assume that the mean-field
parameters are translation invariant, and do not depend on
the flavor. All the mean-field parameters at the edges of a
colored triangular have the same value. The flux enclosed
by color a triangles, Φa, is defined through χ
3
a = |χa|3 eiΦa
identity. We consider three different values for the mean-field
parameters and their associated fluxes based on the color.
Eq. (10) and Fig. 2, this mean-field ansatz results in the
following mean-filed Hamiltonian:
H1MF =
∑
k
ψ†n,kh (k1, k2)ψn,k. (11)
where J∗a = 3Ja |χa|2, ψTn,k = (fz,k, fy,k, fx,k), and
h1,2 = J
∗
xχxe
−ik1 + J∗yχye
−ik2 + J∗zχz
h2,3 = J
∗
xχxe
−ik2 + J∗yχy + J
∗
zχze
−ik1
h3,1 = J
∗
xχxe
i(k1+k2) + J∗yχye
ik2 + J∗zχze
−ik1 . (12)
Using the above Hamiltonian, the mean-field parameters
can be solved self-consistency through χn,mi,j ≡ 〈f†n,ifm,j〉
relations. Next, we compute the Chern number [25] asso-
ciated with each flavor’s band-structure (see Appendix C
material for more detail). To this end, first recall that the
local constraint on the Hilbert space in Eq. (9) requires
every site to contain one slave fermion. Therefore, due
to the symmetry of the mean field ansatz, the average
number of a certain fermion flavor per unit cell is one
and the lowest energy band is fully occupied for every
flavor of fermions. If the lowest band is separated from
higher energy bands by a finite energy gap, then we can
assign a topological Chern number to it. The mean-field
phase diagram is shown in Fig. 3.
LOW ENERGY DESCRIPTION: CHERN-SIMONS
(CS) GAUGE THEORY
To implement the local constraint on the Hilbert
space in Eq. (9) it is easier to perform a particle hole
transformation on one fermion flavor e.g. f3. Defin-
ing d3,i ≡ f†3,i operator, the local constraint becomes:
d†3,id3,i = f
†
2,if2,i + f
†
1,if1,i. Given the fact that the hop-
ping Hamiltonian, hi,j , transforms to −hj,i = −hT un-
der the particle hole transformation we can immediately
see that the Chern number remains invariant during this
transformation. Due to the no-flavor mixing symmetry of
the mean-field ansatz we can define three auxiliary U(1)
4Jx + Jy + Jz = 1
(4
,1
,3
)/8
 
(3,1,1)/5 
(1,0,0) (0,1,0) 
(0,0,1) 
Jx + Jy + Jz = 1
(1,1,2)/4 
(1,0,0) (0,1,0) 
(0,0,1) 
(a) (b) 
FIG. 3. Mean-field phase diagram of the two models discussed
in the paper. (a) MF phase diagram of Eq. (2). The equi-
lateral triangle is defined on the Jx + Jy + Jz = 1 plane and
Ja ≥ 0. White regions denote the topological mean-field so-
lutions, i.e. those areas with |C| = 1. (b) MF phase diagram
of Eq. (17).
gauge fields, a1,µ, a2,µ, and a3,µ, that are minimally cou-
pled to f1, f2, and d3 slave fermions, respectively. These
auxiliary gauge fields are related to the current density of
the slave fermions of flavor n (if n = 1, 2) or its particle-
hole conjugate (if n = 3) through Jµn =
1
4pi 
µνλ∂νan,λ
relation [26, 27]. Such relations guarantee the flavor con-
servation symmetry because ∂µJ
µ
n = 0. Knowing the
Chern number, we can integrate the massive f1, f2 and
d3 fermions to achieve the effective low energy description
of the system in terms of CS theory in terms of auxiliary
gauge fields [26, 27]. Doing so, we obtain:
L =
∑
n
Ln =
∑
n
C
4pi
µνλan,µ∂νan,λ. (13)
The next important step is to enforce the local con-
straint in Eq. (9) within the CS gauge theory. In
terms of current densities the local constraint becomes
Jµ3 = J
µ
1 + J
µ
2 . This condition on the Hilbert space can
be translated in auxiliary gauge fields language. We can
fix the gauge such that:
a3,µ = a1,µ + a2,µ. (14)
Therefore, f1 (f2) carries unit charge under a1,µ (a2,µ)
auxiliary gauge field and is neutral under a2,µ (a1,µ). On
the other hand, f3 = d
†
3 carries a negative unit charge
under both a1,µ and a2,µ auxiliary gauge fields. Plugging
the above relation for a3,µ in Eq. (13), the total CS
Lagrangian becomes:
LCS = Kn,m
4pi
µνλan,µ∂νam,λ, K = C
(
2 1
1 2
)
. (15)
The above CS action is exactly identical to that of a (221)
bilayer quantum Hall state for |C| = 1. The K matrix
fully determines the topological properties of the ground-
states for the Abelian quantum Hall states [28]. For in-
stance, the topological degeneracy of the ground-state on
a genus g manifold is |K|g. Furthermore, the anyon ex-
citations are labeled by integer valued ~l vector, whose
self statistics is θll = pil
TK−1l. The mutual statistics
between two different excitations is: θll′ = 2pil
TK−1l′.
For the above K matrix, besides the trivial excitation,
~l = (0, 0), there are two other non-trivial anyon excita-
tions: (l1, l2) = (1, 0), (1, 1), both with θ = 2pi/3 self-
statistics. Furthermore, there are two electron excita-
tions: ψ1 with ~l = (2, 1) vector and ψ2 with ~l = (1, 2).
The edge CFT of the (221) state is described by two
free bosons φ1 and φ2. From the bulk wavefuction-edge
CFT duality we can bosonize different fermion flavors af-
ter which: f1 ∼ eiφ1 , f2 ∼ eiφ2 , and f3 ∼ e−i(φ1+φ2).
Therefore, all slave fermions are fractional excitations
with θ = 2pi/3 self-statistics. Similarly, we can find the
free boson representation of electron operators and we
have:
ψ1 ∼ ei(2φ1+φ2) ∼ f†3f1, ψ2 ∼ ei(φ1+2φ2) ∼ f†3f2. (16)
BEYOND MEAN-FIELD RESULT: FIBONACCI
PHASE
So far, we approximated the GKM in Eq. (2) with a
quadratic fermion Hamiltonain. Doing so, we achieved
the CS low energy effective theory of the model. We
showed that for a large part of the phase diagram, the
CS theory is identical to that of a (221) bilayer FQH
state. Now we would like to study fluctuations beyond
the mean field by taking the effect of quartic fermion
terms into considerations. A generic quartic term can be
obtained from σ†a,iσa,jσ
†
a,iσa,k '
〈
σ†a,iσa,k
〉
σ†a,iσa,j ap-
proximation and using the slave fermion representation
for σ†a,iσa,j operator. The σ
†
z,iσz,j term generates terms
of f†n,ifn,if
†
m,jfm,j form which acts like a density-density
interaction on the (221) state. On the other hand, the
σ†x,iσx,j and σ
†
y,iσy,j terms generate f
†
n,ifn+1,if
†
m+1,jfm,j
quartic terms. Every resulting term can be easily inves-
tigated from the free boson representation of the slave
fermion and electron operators in Eq. (16). For example,
f†3,if1,if
†
3,jf2,j ∼ ψ1,iψ2,j acts like an interlayer pairing
for the (221) bilayer state. Therefore, the quartic pertur-
bations around the mean-field solutions can be mapped
to the (221) bilayer state with uniform interlayer pairing
as well as density-density interaction (of both interlayer
and intralayer types). In Refs. [7] and [6], the problem of
perturbing a 2/3 FQH state with interlayer pairing has
been studied and the authors show that the non-Abelian
Fibonacci phase can emerge for a strong enough pairing.
A related study of the 2/3 FQH perturbed by uniform
interlayer tunneling in Ref. [9] has also shown the emer-
gence of the Fibonacci phase above some threshold (see
Appendix D for detailed analysis). Therefore, we conjec-
ture that the ground-state of the GKM in Eq. (2) can
belong to the Fibonacci phase.
5ANOTHER RELATED MODEL HAMILTONIAN
Here we introduce another Z3 generalizations of the
Kitaev’s honeycomb model on the triangular lattice:
H2 = Jx
∑
R ∆’s
T 2x + Jz
∑
G ∆’s
T 2z + Jy
∑
B ∆’s
T 2y + h.c.
T 2a ≡ σ†a,iσa,j + σ†a,jσa,k + σ†a,kσa,i. (17)
Unfortunately the slave-parafermion method does not
simplify the above model, though we still can find enough
Wilson loop operators. On the other hand, the the slave-
fermion framework works equally well for this model and
we can obtain the ground-state properties by following
similar procedures we performed for the model Hamilto-
nian in Eq. (2). The results of such a mean-field analysis
is presented in Figs. 3. Again, the fluctuations above
the mean-field solution lead to interlayer pairing in the
dual (221) state, hence the Fibonacci phase is a possible
ground-state of this Hamiltonian.
CONCLUSION
We presented arguments based on the slave-
parafermion and slave-fermion approaches supporting
our conjecture that there exists a family of three-state
clock Hamiltonians with topological spin liquid ground-
state and protected chiral edge states for a wide range
of coupling constants. This fractionalized spin liquid it-
self can belong to two distinct phases: Abelian state or
non-Abelian. The Abelian phase of this topological spin
liquid is dual to a (221) bilayer FQH state with simi-
lar fractional excitations, while its non-Abelian state is
a Fibonacci phase with non-Abelian excitations. These
results together with the Kitaev’s original honeycomb
model suggests a deeper relation between 2D Zn clock
models with strong anisotropic interactions and frac-
tional topological superconductors with an edge state
containing Zn parafermion CFT.
Before closing we like to mention that the methods de-
veloped in this paper are less useful for the honeycomb
model introduced in Ref. [17]. For instance, the slave
parafermion method is powerful for our model because
terms likes P bijk = γb,iγb,jγb,k are constants of motion
and as a result the remaining degrees of freedom depend
on one flavor of parafermions only. However, a sim-
ple calculation shows that there are no such conserved
quantities in terms of slave parafermions for two-body
interacting Z3 clock models. Furthermore, the slave-
fermion approach is less straightforward for the honey-
comb model. If we assume the mean-field Hamiltonian
of spinons do not break lattice symmetries, then the unit
cell would contain two sites and as a result the filling of
the lowest band for each flavor of slave fermions would be
2/3. Hence, the lowest band is partially occupied for this
ansatz and we cannot assign Chern number to it. How-
ever, we can assume a mean-field ansatz where a lattice
symmetry e.g. translation symmetry is broken to enlarge
the unit cell such that an integer number of bands be-
come filled. This type of mean-field state can be achieved
by assuming a staggered flux mean-field Hamiltonian for
example. The lattice symmetry can be restored after the
projection to the physical Hilbert space, therefore the
symmetries are realized projectively. It is interesting to
study whether these types of mean-field ansatz are ener-
getically favorable and also what kind of topological field
theory would describe the resulting projected state.
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APPENDIX A. GENERALIZED SPIN
OPERATORS
Original Kitaev’s honeycomb model can be generalized
in different way using the spin-1/2 operators (see for ex-
ample Refs. [30–33]). In this paper, however, we would
like to make a different generalization by introducing op-
erators that satisfy a different commutation algebra than
spin 1/2’s. In this appendix we give the matrix repre-
sentation of the Z3 algebra utilized in this paper. To
that end, let us first consider the following two matrices:
σ ≡
 1 0 00 ω 0
0 0 ω2
 and τ ≡
 0 0 11 0 0
0 1 0
 where ω = e2pii/3.
These matrices form the following Z3 commutation alge-
bra:
στ = ωτσ, σ3 = τ3 = 1,
σ† = σ2, τ † = τ2. (18)
The generalized spin operators are defined in terms of
the above Z3 clock operators as follows:
σx,i ≡ τi, σz,i ≡ σi, σy,i ≡ τ †i σ†i . (19)
The above three operators satisfy the following alge-
bra:
σz,iσx,i = ωσx,iσz,i,
σx,iσy,i = ωσy,iσx,i,
σy,iσz,i = ωσz,iσy,i. (20)
which resembles the spin-1/2 algebra except for the−1→
ω substation.
6APPENDIX B. CONSERVED WILSON LOOP
OPERATORS
Now we show that there are Ns/2 conserved Wilson
loop operators, where Ns is the number of sites. Since,
each Wilson loop reduces the dimension of low energy
subspace by a factor of three, the total degree of free-
dom in the low energy subspace is 3Ns/2 which clearly
points towards a single parafermion degrees of freedom
per lattice site.
Let us consider uncolored (white) triangles. There are
three types of them based on the color of the triangle
above their top edge. For example, let us consider the
white triangle whose top edge is next to a green trian-
gle (type I). Next, we assign the following Wilson loop
operator to it: W 1ijk = σ
z
i σ
y
j σ
x
k . It is straight forward to
verify that this loop operator commutes with all terms
in the Hamiltonian. So it can be a constant of motion.
Similarly, we can assign a different Wilson loop opera-
tor to a white triangle whose top edge is next to a green
triangle as follows: W 2ijk = σ
x
i σ
z
jσ
y
k . Although this loop
operator also commutes with the Hamiltonian, it does
not commute with W 1ijk, hence we have to choose either
of them, not both as a constant of motion. We could also
consider W 3ijk = σ
y
i σ
x
j σ
z
k operator for type III white tri-
angles, but it does not commute with Wilson loops type
I neither type II though it commutes with the Hamil-
tonian. Therefore, we can take only type to be a con-
stant of motion, say W 1ijk. This immediately leaves us
with N1 = Ns/3 small Wilson loops marked with blue
dots in Fig 4. Although any two corner-sharing Wilson
loop operators (which are of different types) have non-
trivial commutation relations and thus cannot be simul-
taneously conserved, we can consider larger loops that
are made of several small Wilson loops and are defined
as their products can be shown to commute with small
W 1ijk operator. A simple analysis shows that there are
two kinds of larger Wilson loops, each with Ns/12 abun-
dance that commute with the Hamiltonian, themselves
and other Wilson loop operators. Therefore, in total we
can find Ns/2 commuting Wilson loops that can are con-
stants of motion and therefore reduce the dimension of
the Hilbert space by a factor of 1/3Ns/2 (Wilson loops
take Z3 values as they are defined through Z3 clock op-
erators). As a result, we are left with
√
3 degrees of
freedom per lattice site at low energies that implies the
existence of a single Z3 parafermion local degree of free-
dom coupled to a Z3 gauge field due to the condensation
of Wilson loops.
W 1ijk =  
z
i  
y
j  
x
k W
2
ijk =  
x
i  
z
j 
y
k W
3
ijk =  
y
i  
x
j  
z
k
i
jk
i
jk
i
jk
FIG. 4. Conserved Wilson loop operators.– There are three
types of white triangles in the lattice, each represented by
a different Wilson loop. However, every three triangles that
meet at a point are non-commuting and we must pick one
of them only. As a results, every dotted white triangle (in-
cluding those with bigger black circles) represents an allowed
Wilson loop operator. They account forNs/3 conserved quan-
tities. The triangles with bigger dots host two larger wilson
loops defined by yellow lines in addition to the small triangles.
These larger Wilson loops are defined by the product of every
white triangle’s Wilson loop that they enclose. Thus we ob-
tain Ns/12 +Ns/12 = Ns/6 additional conserved quantities.
Therefore, altogether, we find Ns/2 Z3 conserved quantities.
APPENDIX C. COMPUTING CHERN NUMBER
OF THE SLAVE FERMIONS
Recall that we had to impose the following constraint
on the number of slave fermions at every lattice site:
f†1,if1,i + f
†
2,if2,i + f
†
3,if3,i = 1. (21)
Assuming a translational symmetric mean-field ansatz we
obtain 〈f†1,if1,i〉 = 〈f†2,if2,i〉 = 〈f†3,if3,i〉 = 1/3. Further-
more, the unit cell on our decorated triangular lattice
contains three sites. Therefore, the average number of
slave fermions of a certain flavor per unit cell is 1, hence
the lowest band first Brillouin zone is completely filled.
Due to the number of three sites in the unit cell, we ob-
tain three energy bands. Let us denote the lowest energy
band of the mean-field Hamiltonian associated with fla-
vor a fermion by |k, 1〉a, and similarly the two higher
energy bands by |k, 2〉a and |k, 3〉a. Based on what we
just argued the lowest band is fully occupied and if it is
well separated by a nonzero gap from |k, 2〉a band, we
can index it with the Chern number. This topological
index can be obtained through the following steps:
a. Find the Berry connection defined as: Aaµ (k) =
i 〈k, 1|a ∂∂kµ |k, 1〉a
b. Compute the Berry curvature through:
Fakxky (k) =
∂Aaky
∂kx
− ∂A
a
kx
∂ky
relation
7c. Obtain the Berry phase by integrating the Berry
curvature over the first Brillouin zone.
d. Chern number is related to the Berry phase in the
following way:
Ca =
θaB
2pi
=
1
2pi
∫
dkxdkyFakxky . (22)
In the Z3 symmetric state, all flavors would have the
same Chern number. As an example, let us apply the
following rules to a two band model and compute the
Chern number associated with its valence band. To this
end consider the following Bloch Hamiltonian:
Hk = −~τ .~dk (23)
where σi are Pauli matrices. The negative eigenvalue of
Hk is Ek,− = − |dk| and its associated eigenstate is:
|k,−〉 =
(
e−iφk/2 cos (θk/2)
eiφk/2 sin (θk/2)
)
(24)
where cos (θk) = dˆk.zˆ and tan (φk) =
dˆk.yˆ
dˆk.xˆ
, where dˆk =
~k/ |k|. According to the definition of the Berry connec-
tion it would be:
Aki (k) =
1
2
cos (θk) ∂kiφk, (25)
which results in the Fkxky
(
~k
)
= 12 zˆ.
(
~∇ cos (θk)× ~∇φk
)
expression for the Berry curvature. We can rewrite this
latter relation in terms of the dˆk vector after which we
achieve the following celebrated formula for the Berry
curvature of a two band Hamiltonian:
Fkxky
(
~k
)
=
1
2
dˆk.
(
∂kx dˆk × ∂ky dˆk
)
. (26)
Accordingly, the Chern number assigned to the lower
band is C = 14pi
∫
dkxdkydˆk.
(
∂kx dˆk × ∂ky dˆk
)
which is
the winding number associated with the mapping of the
2D torus (the 1st Brillouin zone) to the unit sphere
spanned by dˆk.
APPENDIX D. PHASE DIAGRAM OF THE (221)
FQH STATE WITH UNIFORM INTER-LAYER
ELECTRON PAIRING
In this section, we briefly discuss the fate of the (221)
Halperin state perturbed by uniform interlayer electron
pairing. In reference [9], we have studied a related prob-
lem: (nnl) FQH in the presence of interlayer tunneling.
Using a variety of distinct approaches, we obtained a
phase transition to a non-Abelian state with U(1)2(n+l)×
FIG. 5. Coupled wire construction in (221) state. (a)
The (yellow) green arrows represent the (intra-wire electron-
backscattering) inter-wire electron pairing. Note that the
outermost free boson modes do not couple to other modes,
and remain gapless. (b) By tuning the strengths of the two
different types of backscattering terms, we obtain counter-
propagating gapless Z3 parafermion modes, shown in dotted
lines. We have drawn the right and left moving parafermion
modes to be spatially separated, although their spatial pro-
file may be more complicated. The parafermion chains can
in principle couple in two different ways, shown pictorially
by the blue and orange arrows. These couplings may require
strong electron tunneling, in addition to allowed quasiparti-
cle tunnelings, and can gap the counterpropagating modes.
(c) When the strength of orange type (δH1) inter-wire cou-
pling dominates, the topmost anti-chiral parafermion mode
remains gapless. This case corresponds to c = 6/5 total cen-
tral charge of the chiral edge CFT. (d) When the strength of
green type inter-wire coupling (δH2) dominates, the topmost
chiral parafermion remains gapless. This case corresponds to
c = 14/5 total central charge of the chiral edge CFT.
SU(2)n−l edge CFT. On the other hand, in the same
paper, we showed that (nnl) FQH with interlayer pair-
ing problem can be mapped to (nn,−l) FQH perturbed
by interlayer tunneling that for example can be justi-
fied by making particle hole-transformation on one layer.
Therefore, (221)+pairing is dual to (22,−1)+tunneling
problem whose fate is the Fibonacci phase with U(1)2 ×
SU(2)3 edge CFT. Accordingly, we conjecture that tak-
ing the effect of interlayer pairing on (221) Halperin state
into consideration yields a phase transition to the Fi-
bonacci phase. For completeness, in the remainder of
this section we present the coupled wire construction ap-
proach discussed in Refs. [6, 7, 34, 35] that can help us
understand the phase transition to the Fibonacci phase
better.
Coupled wire approach to (221) state with uni-
form inter-layer electron pairing Let us consider two
adjacent (221) bilayer FQH bars. At their interface, we
8have two left-moving chiral modes from the upper bar,
and two right-moving anti-chiral modes on the lower bar
(see Fig. 4). In our notation φI,R, for I = 1, 2 is the
right-moving boson on the Ith layer, while φI,L is the
left-moving boson from the Ith layer. It is convenient to
define the linear combinations:
φcR =
√
3
2
(φ1,R + φ2,R),
φsR =
1√
2
(φ1,R − φ2,R), (27)
and similarly for the left moving modes. These describe
the charged and neutral modes, respectively. Using the
K matrix, it is easy to verify that the new bosonic fields
are compactified on circles of radius Rc =
√
6 and Rs =√
2: φc/s,R ∼ φc/s,R + 2piRc/s, and similarly for φc/s,L.
The electron destruction operator on each of the gapless
modes is:
Ψ1,R ∝ e2iφ1,R+φ2,R ≡ ei
√
3
2φc,R+i
√
1
2φs,R
Ψ2,R ∝ eφ1,R+2iφ2,R ≡ ei
√
3
2φc,R−i
√
1
2φs,R , (28)
and similarly for the left-moving modes. For simplicity
we assign ψ1 to the top and ψ2 to the bottom layer. The
Hamiltonian that describes these four gapless modes in
the absence of any perturbation is:
H0 =
∑
τ=c,s
1
4pi
∫
dx
(
(∂xϕτ )
2
+ (∂xθτ )
2
)
. (29)
where ϕc/s =
φc/s,R+φc/s,L√
2
, θc/s =
φc/s,R−φc/s,L√
2
are con-
jugate bosonic variables. Next, we consider the follow-
ing perturbations, corresponding to intralayer electron
backscattering and interlayer electron pairing between
counter-propagating gapless modes:
δH‖ =−t‖
(
Ψ†1,RΨ1,L + Ψ
†
2,RΨ2,L
)
+H.c.
δH⊥ =−∆⊥
(
Ψ†1,RΨ
†
2,L + Ψ
†
2,RΨ
†
1,L
)
+H.c. (30)
We can translate the above perturbations in terms of
bosonic fields, after which we have:
δH = −4 cos (θs)
(
∆⊥ cos
(√
3ϕc
)
+ t‖ cos
(√
3θc
))
.(31)
In the absence of pairing i.e. for ∆⊥ = 0, every
two counter-propagating modes that are coupled with
backscattering become gapped. The generated gap that
also defines the bulk gap of the fractional quantum Hall
state is therefore of order t‖. However, the pairing term
competes with the backscattering term and decreases the
bulk gap. At some point the bulk gap closes and the sys-
tem undergoes a phase transition. For larger values of
∆⊥ the bulk is again non-zero, but the topological oder
of the system is changed. The above effective Hamil-
tonian can be greatly simplified if we drop the cos (θs)
term. In fact this can be done formally due to the follow-
ing argument. The bosonic neutral field θs (x) commutes
with every term in the Hamiltonian and therefore can be
condensed. After the condensation of θs the cos
(√
3θs
)
can be replaced with its expectation value. Doing so, we
achieve the following effective sine-Gorodn Hamiltonian:
Heff = 1
4pi
∫
dx
[
(∂xϕc)
2
+ (∂xθc)
2
]
−u
∫
dx
[
∆⊥ cos
(√
3ϕc
)
+ t‖ cos
(√
3θc
)]
.(32)
where u = 4 〈cos (θs)〉. Since the conformal dimen-
sion of the cosine perturbations is (3/2) the above effec-
tive Hamiltonian can be identified with the well studied
β2 = 6pi self-dual sine-Gordon model according to the
notation of Ref. [36]. In Ref. [8] we have shown that
the β2 = 6pi sine-Gordon model describes the low energy
physic of a Z3 parafermion chain. This immediately sug-
gests that the self-dual point i.e. t‖ = ∆⊥ is a critical
point with Z3 parafermion CFT description. Ref. [36]
presents two two other proofs for this result. The result-
ing Z3 parafermion CFT has a chiral (anti-chiral) sector
with c = 4/5 (c = −4/5) central charge. It has six dif-
ferent quasiparticles, three of which are Abelian anyons:
I, ψ, ψ†, where ψ is the parafermion primary field. The re-
maining three primary field are non-Abelian excitations:
σ, σ†, , where σ is the spin field and  = σψ is the Fi-
bonacci anyon. The quantum dimension of these non-
Abelian excitations is 1+
√
5
2 .
Next, we follow the method developed in [5, 7, 34] and
consider a 2D array of the 1D chains with proper inter-
chain couplings. Each of the 1D chains consists of a pair
of counter-propagating Z3 parafermion modes. Now we
can consider two different possibilities. In the first sce-
nario we can couple the parafermion modes such that
every parafermion mode is gapped except for the right-
moving parafermion on the topmost chain and the left-
moving parafermion mode on the bottom-most chain (see
Fig. ). In the second scenario the topmost left-moving
and bottom-most right-moving parafermion modes re-
main gapless and all other parafermion modes gap out.
In addition to the remaining chiral parafermion modes,
the two outer-most edge modes of the sample are still chi-
ral with c = 2 central charge. These two bosonic modes
correspond to the edge between the parent (221) state
and vacuum. The two scenarios sketched above result in
an additional Z3 parafermion mode whose central charge
is c = 4/5 in the first scenario and c = −4/5 in the second
one. Hence, the total chiral central charge of the state is
c = 2±4/5. The first scenario gives rise to the Fibonacci
phase with c = 14/5 central charge with only two pri-
mary fields: identity operator and Fibonacci anyon. In
Ref. [9] we have studied a related problem and we ob-
tain c = 14/5 from two other methods. So we believe
that the first scenario that yields the Fibonacci phase is
more likely.
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